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We report on the experimental observations of chaos synchronizations among orthogonally polarized emis-
sions in a dual-polarization laser. With a three-mode scheme with a single mode in one polarization and two
modes in orthogonal polarizations, synchronization was achieved by the cross-saturation dynamics of popula-
tion inversions when one of the dual-polarized emissions was subjected to external perturbations, i.e., self-
mixing modulation or optical fiber feedback. In-phase synchronization or lag synchronization among orthogo-
nally polarized emissions was achieved depending on the degree of cross saturation in the self-mixing
modulation. Synchronization of random bursting was observed in the fiber feedback, in which two chaotic-
spiking modes in one polarization with anticorrelated intensity variations synchronize the remaining mode in
the orthogonal polarization cooperatively with their total intensity variation. Information sender-mediator-
receiver relationships among modes, which represent the dynamical roles of individual modes for establishing
the observed three types of collective synchronizations, were identified in terms of an information circulation
analysis.
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I. INTRODUCTION

Mutual coupling of nonlinear oscillators sometimes re-
sults in synchronization that plays key functional roles in
various physical systems. In particular, chaos synchroniza-
tions �CS� in laser systems has attracted much attention as a
relevant problem in nonlinear dynamics. CS in lasers has
been studied experimentally in two or three interacting la-
sers, and different types of chaos synchronization, such as
generalized, phase, lag, and anticipating CS, have been dem-
onstrated in gas lasers �1�, solid-state lasers �2�, and semi-
conductor laser diodes �LDs� �3�. Most recently, Fischer
et al. demonstrated zero-lag long-range synchronization of
two semiconductor lasers with delayed interaction by intro-
ducing a third LD as a dynamical relaying element. They
discussed such a collective behavior, featuring scale-free
synchronization �4� in relation to coupled thermoreceptor
neurons �5�. Most of the CS experiments in lasers have been
achieved by coherent coupling of lasing fields in active me-
dia, such as injection locking of lasers in various coupling
schemes, except for a few examples �1,6,7�. However, such a
coherent coupling may not always be essential for synchro-
nizations in general physical and biological systems. On the
other hand, dynamical behaviors such as antiphase dynamics,
clustering, grouping, and cooperative synchronizations have
been studied numerically in lasers oscillating in many glo-
bally coupled longitudinal modes through cross saturation of
population inversions, i.e., incoherent coupling among lasing
modes �8–10�.

We are experimentally studying the chaos synchronization
of globally coupled three-mode �N=3� lasers through inco-
herent coupling among lasing modes as a basis for under-
standing synchronizations in complex systems with many
coupled elements, focusing on the response of the whole
system to the perturbation to some of the system variables.
This approach to chaos synchronization exploits the polariza-

tion degree of freedom of light, and synchronization of or-
thogonally polarized emissions has been achieved by cross-
saturation dynamics of population inversions, i.e., crossed-
polarization gain modulation in a dual-polarization laser.

The system described here has the advantage that it al-
lows one to use a single laser source instead of three inter-
acting lasers; furthermore, our coupling scheme seems to be
easy to implement. Synchronization of all lasing modes or
lag synchronization among orthogonally polarized modes
was achieved in the self-mixing modulation, depending on
the degree of cross saturation. A kind of cooperative chaos
synchronization was found in the fiber feedback, in which
two chaotic-spiking modes with anticorrelated intensity
variations in one polarization synchronize the remaining
mode in the orthogonal polarization cooperatively with their
total intensity variation. Polarization effects have been re-
ported in semiconductor lasers �11,12�, including chaos syn-
chronization in coupled vertical cavity surface emitting la-
sers �VCSELs� �13�. However, such chaos synchronization
phenomena have yet to be reported. Observed synchroniza-
tions have been characterized in terms of information rela-
tionships by information circulation analysis and the dynami-
cal roles of individual modes for synchronizations have been
identified.

The paper is organized as follows. In Sec. II, fundamental
dual-polarization oscillation properties of a LD-pumped thin-
slice Nd:GdVO4 laser, such as pump-dependent changes in
modal output powers and lasing transverse patterns, are de-
scribed. Synchronization behaviors among orthogonally po-
larized modes under two different external perturbation
schemes, i.e., self-mixing modulation with a Doppler-shifted
light feedback and optical feedback from a distant reflective
surface of the fiber, are addressed in Sec. III. Section IV
discusses dynamical characterizations of observed phenom-
ena in terms of information circulation analysis. Section V
summarizes the results.
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II. DUAL-POLARIZATION OSCILLATION
IN Nd:GdVO4 LASERS

We carried out an experiment with an LD-pumped thin-
slice Nd:GdVO4 laser. One end surface of the 5-mm square,
0.5-mm-thick 3 at. %-doped a-cut Nd:GdVO4 laser was
coated to be transmissive at the LD pump wavelength of
808 nm �85% transmission� and highly reflective �99.9%� in
the lasing wavelength region from 1050 nm to 1070 nm. The
other surface was coated to be 2% transmissive in the lasing
wavelength region.

A typical example of input-output characteristics is shown
in Fig. 1. The laser initially enters �-polarized oscillation at
1062.9 nm on the 4F3/2�2�→ 4I11/2�1� transition. As the
pump power is increased, �-polarization oscillations on
4F3/2�2�→ 4I11/2�2�, and 4F3/2�1�→ 4I11/2�1� transitions ap-
pear at 1065.1 and 1063.3 nm, respectively, reflecting the
fluorescence properties of Nd:GdVO4 crystals �14�, where
the �-polarization output is decreased. Here, the far-field pat-
tern of � polarization appears at a position that is shifted
from that of � polarization, accompanied by a decrease in
cross saturation of population inversions, as shown by a in
Fig. 1. This observation suggests that the two transverse
modes can be considered to be spatially separated local
modes formed in a wide pump region compared with the
lasing spot sizes due to the smaller lens effect at low pump
power, which results in weak optical confinement for lasing
fields �15�. As the pump power is increased further, the op-
tical confinement increases through the thermal lens effect,
�-polarization oscillation with a 80-�m beam spot size be-
comes dominant, and the output power of �-polarized mode
increases again, with �-polarization oscillation being
suppressed accordingly. Here, the lasing pattern of
�-polarization becomes TEM10 mode whose spatial overlap
�i.e., cross saturation� with the TEM00-mode pattern of
�-polarization emission is small, as shown by b in Fig. 1,
where �-polarization emission takes place by expending the
population inversions outside the TEM00 mode profile of
�-polarized emission. The three-dimensional cross saturation
of population inversions in this situation has been calculated

to be on the order of 10−3 �15�. In the oscillation spectra in
Fig. 1, the �-polarization mode at 1062.9 nm and the
�-polarization modes at 1063.3 and 1065.1 nm are called �,
�1, and �2 modes hereafter. In the high-pump power region,
the �1 mode is suppressed: the � and �2 modes survive. The
input-output characteristics change depending on the pump-
beam focusing condition, but the same qualitative property is
obtained.

III. EXPERIMENTAL SYNCHRONIZATION AMONG
ORTHOGONALLY POLARIZED EMISSIONS

AND NUMERICAL RESULTS

A. Self-mixing modulation: in-phase synchronization and lag
synchronization

Here, we describe the crossed-polarization gain modula-
tion experiments with the present dual-polarization laser, in
which one of the orthogonally polarized emissions was sub-
jected to external perturbations to explore how the whole
system would respond to perturbations through cross satura-
tions of population inversions. The experimental setup is
shown in Fig. 2. Two types of external perturbations, i.e.,
Doppler-shifted light feedback and optical fiber feedback,
were examined. In the former case, the �-polarized output
beam impinged on the surface of a rotating cylinder to in-
duce chaotic oscillations through the highly sensitive self-
mixing modulation effect in thin-slice lasers resulting from
the interference between a lasing field and a coherent com-
ponent of Doppler-shifted injection field �16,17�, where the
Doppler-shift frequency was tuned to the relaxation oscilla-
tion frequency. In the latter case, we launched two
�-polarized emissions into a 2-m-long single-mode optical
fiber with 4% reflectance at the end surface, as depicted in
Fig. 2. It is known that random chaotic bursting takes place
in thin-slice multimode lasers when modal outputs are sub-
jected to common external feedback from a distant reflective
end, resulting from mode-partition-noise �i.e., modal fre-
quency fluctuation� mediated dynamic instabilities �17,18�.
In both cases, the dominant physical origin of chaotic dy-
namics themselves is a coherent effect, although a secondary
effect of narrow-band Gaussian noise in a scattered light and
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phase noise are present in self-mixing and fiber feedback
schemes, respectively.

As for self-mixing modulations, we found that two types
of synchronizations took place among the three modes de-
pending on the intensity ratio �i.e., degree of cross satura-
tion� of orthogonally polarized modes, namely, lag synchro-
nization �LS� among orthogonally polarized emissions in
region LS and in-phase synchronization �IS� among orthogo-
nally polarized emissions in region IS, as depicted in Fig. 1,
in which the gradual change from LS to IS occurred with
increasing pump power.

A typical intensity wave form and correlation plots for the
LS state are shown in Fig. 3, where the sum of two � mode
intensities, namely I�, is used for the correlation plots. In the
absence of Doppler-shifted feedback, the laser exhibited only
small-amplitude relaxation oscillations �less than 1% fluctua-
tions with respect to the average power� driven by white
noise. In the intensity correlation plot, we used a time series
with a length of 300 �s �i.e., 5�104 data points� for each
polarization output whose relative intensity was accurately
calibrated from the measured output-power ratio shown in
Fig. 1. Strong long-term amplitude envelope correlations are
obvious in Fig. 3�a�, but the time series of I� is delayed as
indicated by “⇒” in the magnified wave forms in Fig. 3�b�.
Therefore, we used the time series of I� delayed by a lag
time �i.e., �one modulation period in this case; black dots�
as well as the actual time series �red dots� for the intensity
correlation plot �Fig. 3�c��. As for the phase correlation plot
�Fig. 3�d��, we used the Hilbert transformation to extract Ga-
bor’s analytical phase �19� from the shifted time series. This
is an example of the simplest grouping of chaos states �9�, in
which two chaotic lasing modes in one polarization exhibit
lag synchronization with the remaining orthogonally polar-
ized chaotic lasing mode.

As the pump power was increased into the IS regime in
Fig. 1, synchronizations of all lasing modes, i.e., a single
mode with a TEM00 spatial structure and two modes with
TEM10 spatial structures with fewer cross saturations, took
place where mode�s� having different structures are orthogo-

nally polarized. Typical wave forms and the corresponding
intensity correlation plot for the IS state are shown in Figs.
4�a� and 4�b�, respectively. It should be noted that the modu-
lation index and envelope fluctuation amplitudes in IS state
were not increased as compared with those in LS state pre-
sumably due to the increase in a rotation speed of the cylin-
der �modulation frequency�, i.e., increased frequency broad-
ening of a Doppler-shifted scattered light. This point will be
discussed in Sec. III C.

B. Fiber feedback: Synchronization of chaotic bursting

Random chaotic bursting in multimode thin-slice solid-
state lasers coupled to a single-mode fiber, i.e., reflection
from a distant reflector, has been demonstrated and repro-
duced numerically using the model equations including the
delayed feedback and modal frequency fluctuations due to
intrinsic mode partition noise �17,18�. In the present three
mode oscillations, synchronized random chaotic bursting os-
cillations, featuring a switching between a stable �i.e., noise-
driven relaxation oscillation� state and a chaotic-spiking
state, were observed only when two � modes were subjected
to the common fiber feedback in the domain of I�� I�, i.e.,
200 mW� P�300 mW. The synchronization was not at-
tained when a single � mode was subjected to the fiber feed-
back. On the other hand, phase synchronization in chaotic
bursting has also been reported in two CO2 lasers with loss
modulation, partly due to an external driving and partly due
to the coupling, in which bursts appear randomly as trains of
large amplitude spikes intercalated by a small-amplitude cha-
otic regime which is not a noise-driven relaxation oscillation
�20�.

A typical example result of synchronized bursting in the
present dual-polarization laser is shown in Figs. 4�c� and
4�d�. Surprisingly, strong intensity correlation was estab-
lished among detailed spiking oscillations of orthogonally
polarized emissions, i.e., I� and I�. On the other hand, only
phase synchronization occurs with anti-correlated intensity
fluctuations among perturbed modes similar to coupled CO2

In
te

n
si

ty
(a

rb
.u

n
it

)

Iσσσσ

Iπ

0 321

3

2

1

4

Time (ms)

0 2ππππ
0

2ππππ

ΦΦΦΦππππ mod(2π)π)π)π)

ΦΦΦΦ
σσ σσ

m
o

d
(2

π)π) π)π)

(a) (c)

(b) (d)

4

0

0.6

1

2

In
te

n
si

ty
(a

rb
.u

n
it

)

160140 150
Time (µµµµs)

1

2
0

0.6

3002001000

lag

ππππ

ππππ

σσσσ

σσσσ

magnified

FIG. 3. �Color� Lag chaos syn-
chronization among orthogonally
polarized modes with lag time
equal to the modulation period.
Pump power P=344 mW. Modu-
lation frequency fm=3.5 MHz. �a�
Intensity wave forms for �- and
�-polarized modes and �b� magni-
fied wave forms. �c� Intensity cor-
relation plots of experimental time
series �red� and those in which the
� time series was delayed by one
modulation period �black�. �d�
Phase correlation plots for shifted
time series. The intensity correla-
tion was fitted by I�=0.48I�

+1.88 with a standard deviation of
0.05.

CHAOS SYNCHRONIZATION AMONG ORTHOGONALLY… PHYSICAL REVIEW E 76, 026204 �2007�

026204-3



lasers �20�, as will be shown in Sec. IV �see Fig. 11� and
such synchronization never takes place in linearly polarized
two mode lasers �18�. In other words, in the present dual-
polarization laser, the dynamics of the � mode, I��t�, was
forced to reproduce the sum of two anticorrelated �-mode
dynamics, I��t�. The observed phenomenon is a kind of
chaos synchronization, in which two chaotic-spiking modes
with anticorrelated intensity variations synchronize the re-
maining mode cooperatively with their total intensity varia-
tion. Chaotic nature of observed random time series of LS
state and synchronized bursting has been identified by ana-
lyzing long-term experimental time series with the singular-
value-decomposition �SVD� method �21�.

In order to obtain further insight into such a chaos syn-
chronization, we carried out a joint time-frequency analysis
�JTFA� of the long-term time series �22�. Example time se-
ries of modal output intensities and the corresponding JTFA
patterns are shown in Figs. 5 and 6, respectively. In the cha-
otic time domain, low-frequency fluctuation components in-
dicated by the arrows in modal outputs, I�1

�t� and I�2
�t�,

which arose from the antiphase dynamics inherent in glo-
bally coupled multimode lasers �17�, are suppressed in the
total output, I��t� �18�, indicating anticorrelated intensity
variations of two � modes in the same polarization. The
calculated JFTA patterns also indicate that the higher fre-
quency fluctuation component of I��t� predominantly reflects
the chaotic motion of the �1 mode which mediates this
switching event, as will be shown in Sec. IV.

C. Numerical simulations

The model equations for lasers subjected to frequency-
shifted optical feedback has been formulated in �23�. Under a
short delay limit �i.e., delay time� laser response time on the
order of 1 �s�, dynamics of the present dual-polarization la-
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ser can be treated by the following set of rate equations in-
cluding the modulation term whose frequency is given by the
Doppler-shift frequency in the self-mixing scheme
�16,17,24�.

dN1/dt = W − g1N1�1 + S1 + �1,2S2 + �1,3S3� , �1�

dN2/dt = W − g2N2�1 + S2 + �2,1S1 + �2,3S3� , �2�

dN3/dt = W − g3N3�1 + S3 + �3,1S1 + �3,2S2� , �3�

dS1/dt = K�g1N1 − 1�S1 + S1m cos 	mt , �4�

dS2/dt = K�g2N2 − 1�S2, �5�

dS3/dt = K�g3N3 − 1�S3. �6�

Here, W is the pump power normalized by the threshold
value of the first lasing mode, Ni is the population density
normalized by the threshold value of the first lasing mode, Si
is the photon density normalized by that of the first lasing
mode at W=2, gi is the gain ratio with respect to that of the
first lasing mode, K is the fluorescence-to-photon lifetime
ratio, �i,j is the cross-saturation ratio, m=2K
 is the modu-
lation index �
: field-amplitude feedback coefficient �16��,
	m=�m�=2��2v /
�� is the normalized angular modulation
frequency �v: moving speed of the cylinder along the laser
axis�, and time is normalized by the fluorescence lifetime, �.
Mode numbers i=1, 2, and 3 correspond to the �, �1, and �2
modes, respectively.

Observed long-term amplitude envelope synchronizations
and lag synchronizations have been reproduced qualitatively
by numerical simulation of dual-polarization lasers subjected
to self-mixing modulation, assuming relevant spectroscopic
properties of Nd:GdVO4 �14� and three-dimensional cross-
saturation parameters among orthogonally polarized modes
�15�. The numerical result indicating an example lag syn-
chronization is shown in Fig. 7.

In the real experiment using self-mixing modulation by a
Doppler-shifted optical feedback with the rotating cylinder,
however, a reinjected light field possesses a narrow-band
Gaussian frequency broadening on the order of several tens
of kHz, which increases with a rotation speed of the cylinder
�25�. Consequently, a Doppler-shift �i.e., modulation� fre-
quency is not fixed in time unlike the simulation and the
Gaussian-type of random process might influence the modu-
lation term in Eq. �4� to some extent. It thus appears that
chaotic spiking oscillations shown in Fig. 7 are smoothed in
the real experiment. Such a stochastic effect on chaotic dy-
namics is under investigations.

On the other hand, the model equations for two-mode
lasers coupled to a single-mode fiber have been already
given in Eqs. �3�–�7� of Ref. �18�, which include cross-
saturation dynamics of population inversions among modes
in the same form as Eqs. �1�–�3�. By using model equations
given in the Appendix, which were derived by extending
Eqs. �3�–�7� of Ref. �18� to the present dual-polarization la-
ser oscillating in three modes, we carried out numerical
simulation. A typical numerical result is shown in Fig. 8.
Here, uncorrelated Gaussian white noises are introduced into
phase equations for �1 and �2 modes subjected to the com-
mon fiber feedback �18�. The observed synchronized random
bursting among orthogonally polarized emissions are well
reproduced.

IV. INFORMATION CIRCULATION ANALYSIS OF
OBSERVED SYNCHRONIZATION

In order to identify dynamic interplays among modes,
we characterized the long-term modal intensity time series
statistically with the information-theoretic quantity of
information circulation among modes, X and Y, defined
as �18�: TX,Y =TX→Y −TY→X, TX→Y = �1/�*���S�Y ,Y� �X�
− �1/�*���S�Y ,Y�� is the information transfer rate from time
series X=x�t� to time series Y =y�t�, which is the self-mutual
information for Y. Here, S�Y ,Y� �X� is the conditional self-
mutual information of time series X given time series Y and
�* is the first local minimum of S�Y ,Y�� �26�. The informa-
tion circulation is derived from the original idea of transfor-
mation rate introduced by Palus et al., which was success-
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fully used for characterizing organizations of brain tissues in
terms of the direction of information flows �26�. Modal in-
tensity variations �a� and the corresponding time-dependent
information circulations �b�, i.e., the net information flows,
are summarized in Figs. 9–11, where the information flows
from mode i�j� to mode j�i� if Ti,j �0��0�. Here, informa-
tion flow diagrams �c� are also depicted, where synchroniza-
tion states among individual modes and orthogonally polar-
ized emissions are depicted by “�” and “�,” respectively.

As for the LS state, the � mode subjected to self-mixing
modulation acts as an information sender and sends a slightly
different amount of information to � modes simultaneously,
while nearly balanced bidirectional information flows take
place among two � modes. To be more specific, the �1��2�
mode behaves as an information mediator �receiver� and an
information receiver �mediator� alternatively in time, as in-
dicated by the arrows in Fig. 9�c�. In the IS state, � acts as a
sender similar to the LS state and the �2 mode acts a re-
ceiver, while the �1 mode behaves as a mediator that re-
ceives information from the � mode and transfers it to the �2
mode, as shown in Fig. 10�c�.

Note that two � modes in the same polarization exhibit
in-phase synchronizations, i.e., I�2

=1.05I�1
+0.92 �standard

deviation=0.07� and I�2
=4.16I�1

+1.17 �standard deviation
=0.06� for LS and IS, respectively. Here, for the correlation
plot to identify synchronizations among modes in the same
polarization, we used a time series with a length of 300 �s
�i.e., 5�104 data points� for modal output whose relative
intensity was accurately calibrated from the measured
output-power ratio similarly to Figs. 3�c� and 4�b�.

In the case of fiber feedback, the �2 mode serves as a
sender, while the �1 mode acts as a mediator that receives
information from the �2 mode, exhibiting antiphase dynam-
ics, and transfers it to the � receiver mode, as shown in Fig.
11�c�. In short, the �2 mode among two perturbed modes is
identified as triggering the simultaneous bursting for this par-
ticular time series �i.e., bursting event�, as demonstrated in
two-mode lasers subjected to common fiber feedback �18�,
and the nontrivial synchronization of � mode to the super-
position of two � modes is found to be established. Note that
two perturbed � modes in the same polarization exhibit
phase synchronization with anticorrelated intensity pulsa-
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tions �i.e., antiphase dynamics� indicated by arrows, as men-
tioned in Sec. III B.

These information flow diagrams well characterize the
dynamical roles of individual lasing modes in the crossed
gain modulation scheme and provide reasonable physical in-
sight into observed chaos synchronizations in the three-mode
dual-polarization lasers.

Synchronization was not observed in the regime of two
orthogonally polarized oscillations of the � and �2 modes,
i.e., pump power P�500 mW in Fig. 1. This implies that
two-mode operations in the same polarization play a key
dynamical role for chaos synchronizations of three interact-
ing lasing modes. A clear understanding of the failure of
chaos synchronization in two-mode lasers has yet to be
achieved. However, a possible origin might be attributed to
the large mismatch in physical parameters of two orthogo-
nally polarized lasing modes, e.g., modal gain, loss, and in-
tensity.

V. CONCLUSION

In conclusion, we have investigated dynamic behaviors of
an LD-pumped dual-polarization three-mode Nd:GdVO4 la-
ser subjected to external perturbations. The selective self-
mixing modulation of one polarization mode resulted in in-
phase synchronization of all lasing modes or lag
synchronization among the perturbed mode and orthogonally
polarized modes for decreased or increased cross saturation
of population inversions among orthogonally polarized emis-
sions, respectively. Synchronization of random bursting was
found to take place when two modes in the same polarization
were subjected to the common fiber feedback, in which two
chaotic-spiking modes with anticorrelated intensity varia-
tions in one polarization cooperatively synchronize the re-
maining mode in the orthogonal polarization with their total
intensity variation. The observed three types of synchroniza-
tion were characterized by the information circulation analy-
sis of long-term modal time series and dynamical roles of
individual modes for establishing collective behaviors were
identified.

The experimental observations and information-theoretic
characterizations for the fundamental system size �N=3�
demonstrated in the present paper will provide a basis for
understanding chaos synchronizations in real-world complex
systems with ensembles of many coupled elements. The ob-
served chaos synchronizations could be observed in general
dual-polarization lasers, e.g., VCSELs, in which rich collec-
tive dynamics are expected in �m ,n� schemes with many
oscillating modes m and n in each polarization.

APPENDIX: MODEL EQUATIONS OF DUAL-
POLARIZATION LASERS SUBJECTED TO FIBER

FEEDBACK

By introducing the common optical feedback to �1 and �2
modes from an optical fiber end surface and the cross satu-
ration of population inversions among three lasing modes
into Lang-Kobayashi equations �27�, we obtain the following
model equations:

dN1/dt = W − g1N1�1 + S1 + �1,2S2 + �1,3S3� , �A1�

dN2/dt = W − g2N2�1 + S2 + �2,1S1 + �2,3S3� , �A2�

dN3/dt = W − g3N3�1 + S3 + �3,1S1 + �3,2S2� , �A3�

dS1/dt = K�g1N1 − 1�S1, �A4�

dS2/dt = K�g2N2 − 1�S2 + 2�e
�S2�t�S2�t − td� cos �2�t� ,

�A5�

dS3/dt = K�g3N3 − 1�S3 + 2�e
�S3�t�S3�t − td� cos �3�t� ,

�A6�

d�2/dt = �	2 + �1/2��K�g2N2 − 1�

− �e
�S2�t − td�/S2�t� sin �2�t� + F�,2�t� , �A7�

d�3/dt = �	3 + �1/2��K�g2N3 − 1�

− �e
�S3�t − td�/S3�t� sin �3�t� + F�,3�t� , �A8�
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�2�t� = 	2td + �2�t� − �2�t − td� , �A9�

�3�t� = 	3td + �3�t� − �3�t − td� . �A10�

Here, we introduced uncorrelated modal lasing frequency
fluctuations �i.e., phase noise�, F�,k �k=2,3�, into phase
equations for modes subjected to an optical feedback. �i is
the slowly varying part of the optical phase of the lasing field
Ek exp��kt+�k�t�	, and �k is the phase difference between
the lasing field and the reinjected field, 	k=	0,k+�	k,
where 	k=�k� is the normalized optical angular frequency
of external cavity modes �ECMs� and 	0,i=�0,i� is the nor-
malized optical angular frequency of the kth solitary laser
mode. � is the linewidth enhancement factor, which is non-
zero in detuned lasers such as the present system, and the
coupling strength is normalized as �e=��. Time t and delay
td are normalized by the fluorescence lifetime, and other no-
menclatures are the same as Eqs. �1�–�6�. F�,k �k=2,3� are

uncorrelated Gaussian white noises that are � correlated with
zero mean.

The optical angular frequencies of ECMs are the solution
of

�	ktd + C sin�	ktd + tan−1 �� = 0, �A11�

where C
�etd
�1+�2. The steady-state characteristics can

be characterized by C. In the case of C�1 as in the present
experimental condition, there exists only one EMC in the
vicinity of each solitary laser cavity frequency. Each ECM
solution for �k mode is not always stable depending on
�	ktd �27�. Therefore, the dynamical stability of ECM de-
pends critically on the solitary laser cavity frequency 	0,k in
a large delay case. If we consider frequency fluctuations �i.e.,
phase noise� resulting from a mode-partition-noise inherent
in multimode lasers, each solitary laser cavity frequency, i.e.,
�	k, fluctuates in time and a simultaneous random switching
between stable and unstable states is expected to occur in
time through cross saturation of population inversions �18�.
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